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Application of the Domain-Integrated Field Relations
Method to the Solution of Large Scale Static and
Stationary Magnetic Field Problems

loan E. Lager and Gerrit Mur

Abstract—A new efficient implementation of the domain-inte- ally efficient Cartesian expansion offers the appropriate answer.
grated field relations approach to computing static and stationary ~ Additionally, the use of this expansion technique also provides
magnetic fields is presented. The philosophy behind this im- 5 remedy to the “roughness” of the modeling of field quanti-
plementation is to combine the robustness of this method with . . :

a computationally efficient discretization technique that uses ties b_y mef_;lns of edge an(_j_face e_xpan_S|on functlpns, th?‘t clearly
first-order Cartesian expansion functions on a simplicial mesh. conflicts with these quantities beirmgntinuously differentiable

The accuracy of the implementation is illustrated by solving a functions of the spatial coordinates inside interface-free subdo-
two-dimensional field problem. The ability of the method to accu- mains.

rately model the behavior of the field at interfaces between highly

contrasting media and at geometrical singularities is emphasized.

A detailed efficiency analysis of the present implementation is II. COMPUTATIONAL APPROACH

performed.

Let D C R® be a bounded domain of computation with a

piecewise smooth outer bound@. The magnetic field inside
D is excited by means of a piecewise continuous volume den-
|. INTRODUCTION sity of electric current/ (with bounded support). InsidB, the
Opositive definite tensorial permeability of rank two= p,.1i0

ith 110 = 4 - 10~7 H/m) varies piecewise continuously with
qgsition. It is assumed that the media behave linearly. On the
%ﬂ ndarydD, explicit boundary conditions are prescribed such

Index Terms—Magnetic fields, numerical analysis.

HE DOMAIN-integrated field relations approach t
computing static and stationary magnetic fields (s
[1] and references therein) has been extensively proven
represent a robust and accurate method for modeling the fi

in highly inhomogeneous anisotropic configurations. No errat Ca_llitr;[hzthus_de?ned ﬂEItd tprople(;n has a unlgl_Jet SO'”E{'O”" di
solutions have been noticed in any of the numerous numerical € domain ot computation IS decomposed into mutua’ly dis-

experiments carried out thus far in relation to this comput oint open simplicial cells (tetrahedraRf’ gnd triangles ifi”)
tional method. The method requires the expansiotwoffield =™ (m =1..- M). (Parts Of). m.atena.ll interfaces aqd of the
quantities (i.e., the magnetic field strength as well as the outer b"_“”d?‘@p may only coincide with the boundar_|@§;,,
magnetic flux density3) and employs an expansion techniqugf the simplicial Qe"STm' Th? outward n/ormal 07, is de-
based on the use of consistently linear edge and face expan&gﬁed asn. The f|el_d quantltles_H andB' = B/uo are ex-
functions [2]. However, these expansion functions are knoer?nded sepqrately in terms of f|rst-ordervectorexpansmq fupc-
to be computationally (very) inefficient. Consequently, thgons. For being able to appropriately account for the continuity

feasibility of large scale applications of the method, needed f%??d't'ons |n5|dg |Intterfac?-free su_bdo_malns Iand gt _rpha_lterlal n-
solving field problems in configurations of practical interesltée_r a(t:esr,la_ spe(_:lah ypefto ed>§pan5|or(1j|_s ?jmtp .(|) yed. This expan-
is questionable. For tackling practical applicationsjrastic lon technique 1s hereatter discussed in detail.
improvement of the efficiency of the method is stringently ) )
required. A. Expansion Technique
It is first noted that the expansion ohe singlefield quan-  The first (extreme) case in our analysis is thatstbngly
tity can easily be ruled out (since it conflicts with the differenctnhomogeneous configuratioris this situation there does not
in the physical character df andB, reflected in, for instance, seem to exist an alternative to the expansion technique described
the different behavior of these quantities at material interface#).[1] (the one based on the use of consistently linear edge
The only option for increasing the efficiency of the method iand face expansion functions). Nevertheless, most configura-
then identifying an alternative to the use of edge and face alons that occur in practical applications consist of a relatively
pansion functions. In this respect, the use of the computatigeduced collection of subdomains with constitutive material pa-
rameters that vary continuously in space (hereafter referred to as
Manuscript received July 5, 2001; revised October 25, 2001. interface—_free sub_doma.ins). It then follows tha_t, for (practically
The authors are with the International Research Centre for Telecommuall) technical configurations, this case can be ignored.
cations-Transmission and Radar, Faculty of Information Technology and Sys-The diametrically opposed (extreme) situation is thamtefr-
tems, Delft University of Technology, 2628 CD Delft, The Netherlands (e—mai*: . . .
I.Lager@ITS.TUDelft.NL; G.Mur@ITS.TUDelft.NL). ace-free subdome_um_wmch occupy, in fagt, the.most ex_tended
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subdomains the field quantities are continuously differentiabdé vanishing maximum distance (in our computational scheme,
functions. It then follows that in this case, employing standargde take this to be the boundaés,, of S,). It can be shown
Cartesian expansion functions, which ensure the continuity th&at when the continuity requirements are satisfied al@fg,
expanded quantities across common faces of adjacent simpligiiich is the case sin@sS,, either is located inside interface-free
cells, is possible. Apart from resulting in a significant reductiosubdomains or intersects (locally) flat interfaces, imposing Am-
of the number of the degrees of freedom (DOFs) to be computpéye’s/Gauss’ laws on the boundari&g,, of each simplicial
this expansion technique allows a smooth representation of t&dl 7,,, C &, results in imposing these laws @, at least
field quantities, which should be the case inside interface-fragth O(h) accuracy. (This accuracy becom@$h?) when no
subdomains. interfaces are intersected #65,,.) It can now be concluded
At (locally) flat material interfaces, the standard interfacthat the expansion strategy employed for modeling singularities
boundary conditions that apply to static and stationary mafgHly complies with the assumptions on which the domain-inte-
netic fields require the employed expansion to ensure the cogiated method was developed.
nuity (in machine accuracy) of thangentialcomponents o ) )
and of thenormalcomponent of3’, while leaving the comple- B- Numerical Formalism
mentary component(s) free to jump. For accommodating theséThe discretized field quantities are now substituted in the do-
conditions, an expansion technique that is reminiscent of thein-integrated field relations [1]. In view of ensuring their
method employed for deriving the generalized Cartesian expgiysical homogeneitgppropriate scaling factors are employed.
sion functions [3] is used. Practically, give¥, is a node lo- Summarizing, the present implementation of the domain-inte-
cated at a (locally) flat interface, its simplicial st&y, is split grated field relations method employs for each simplicial cell
into two partsS,, andS;;, located on one side and the other off,,, (m = 1 ... M) the following (the required scaling factors
the interface. Subsequently, DOFs associated @jtlare allo- being explicitly specified for each equation):
cated to theontinuousomponents of the field quantities, while

doubletsof DOFs, associated with/, andS!/, respectively, are / nx HdA = / Jdv, ‘(h_2||ﬁr||}f/2)
allocated to théiscontinuousnes. This field representation ac- 0T T

counts forall continuity requirementmsideS,, and introduces (1)
the minimum roughness that is needed for coping with the field , o —1/2
behavior at the interface. This choice for field expansion results /aT n-BdA =0, ‘(h &7, ) (2)

in a reduction of the number of DOFs to be computed as well

Finally, unlike in the case of generalized Cartesian expansioh W7 - (B — fi, - H)dV =0, ‘(h_3||,11,||}i/2)

functions, the expansion technique described above makes o'

reference teexplicit valuesof the contrast in the material pa- forvw? ¢ 7, ©))

rameters on the two sides of the interface. In this manner, the ) i o

implementation of the expansion technique in a computer coffgere’ is the maximum length of an edge pertaining7g,

is largely simplified, especially in the case when the interfacdtl denotes an “effective” relative permeability |, (i, being

media are anisotropic or nonlinear. taken to be constant ifi,.), ]|, = ll]loo in 7, and
The last and most difficult case is thatgdometrical singu- W7 € Zm are the expansion functions that expasdin 7,,.

. ! .
larities. Let A, be a node located at a geometrical singularitj SOMe Of the expansions &' in 7,,, are prescribed by means

and letS, be its simplicial star. For ensuring the consistencyf Poundary conditions, the relevant equations of type (3) are

of our expansion technique, a Cartesian expansion should BBlaced by equations of the type
employed in this case as well. To this end, for endowing our e

H ~ 1 _ =3y (11/2
pansion technique with the freedom required for coping with th 2 Wi (B g, —H)dV =0, ‘ (h ||I"’1’||Tm)
singular behavior of the field in the vicinity df,,, the Cartesian .
expansion functions relating to this node are associated with forWj €7, (4)

each simplicial cellZ,,, C S,, taken separately. In this manner, . .
P | ’ P y WhereWﬂ’r e 7, are the expansion functions that expaid

for each simplicial celtZ,,, C S,,, twotripletsof DOFs (one for |

H and one forB') associated with the nod¥,, are allocated. in 7,,. For solving the thus resulting overdetermined system of

This type of expansion is reminiscent of the use of consisten“ ear algebraic equations, the system’s matrix needs to be mul-

linear edge and face expansion functions, with the provision tﬁ “et(lj t?)y Ilis trqnsptosel; Tfht?] retl)eve(ljnttpm(tjuct ";‘ t(;valua;[e_d eﬁg
no continuity is enforced anymore. ciently by keeping track of the band structure of the matrix an

The abrupt change of the representation at common facescggrying (?Ut all operations atelement Ieve,l. n thi_s manner, the
adjacent simplicial cells, of those components that are to be C&qpstr_uctlon ofthe final form of the S)_/ste_m S matrix amounts to
tinuous as well, results apparently into the generation of uRamming the relevant element contributions.
physical surface sources, which may have a detrimental effect
on the accuracy of the computed solution. Nevertheless, the do-
main-integrated relations method is based on enforcing the ackor validating our theoretical ideas, a two-dimensional (2-D)
curacy of the integrals ot x H andn - B’ on the boundaries version of the method was implemented in a C++ package called
of “elementary” domains. Now, since the field is singular “atDes_Cartes. In the present contribution, the accuracy and the
N, this node must be isolated by means of a closed surfacdustness of this implementation is demonstrated by solving a

I1l. NUMERICAL EXAMPLE
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Fig. 1. Configuration concerning the test-slot problem= 1A - m—2.
Impressed boundary conditiomsx H = 0 alongz; = 2 andx, = 4 and
n - B = 0 otherwise. Dimensions are in meters.

TABLE |
LINE INTEGRALS FOR THETEST-SLOT PROBLEM

Rectangular | # of frlT'H ds | [, T-Hds

mesh density | DoFs (A/m) (A/m)

4x8 382 0.9402 0.7672

8 x 16 1218 0.9714 0.8892

16 x 32 4426 0.9850 0.9417

32 x 64 16986 0.9891 0.9602

64 x 128 66682 0.9882 0.9610

field problem concerning a realistic configuration in the realr
of electrical machines, depicted in Fig. 1 (a problem that is her
after referred to as the test-slot problem). The domain of corn-

putation was discretized by means of an increasinglydimie Fig. 2. pistribution of the magnetic field strength for the test-slot problem.
form mesh(see Table I) consisting of quadrilateral cells, eachesh consists of 64 128 rectangular cells.

of which being subdivided into four triangles, delimited by the

c_ells diagonals. Th_e resulting sygt_em of Ime_ar, algebral_c €AY the method’s computational stability when compared to the
tions was solved using a preconditioned conjugate gradient |tﬁ{1—

ative solver. Since the conditioning of the system of e at_onsplementation reported in {1].
Ve SOlver. S naitioning yste quationse ., illustrating the further increase of the computational sta-
provided by our method is very good, employing an eleme

. . - - BTIity resulting from the use of the expansion technique based
tary (d'?‘g"’?a' scaling) preco_ndltloner trns °¥“ o be SL!f'fICIEB the Cartesian expansion, a comparison between computa-
for solving it. The accuracy in m(_)del_lng the field equations 'Fonal results obtained by means of the domain_integrated and
demonstrated by computing the line integrakofH along the Des_Cartes packages is provided. It must be mentioned that

Clsjir;/eail;lsirr]r?rlr:;'rilzn:(;ciit?itl)rllelzllgll\l%).teﬂt]r?aﬁ?gicocfl}rh; ag?lt- 8th packages employ for the geometrical discretization a uni-
Zom uted results is maintained'even for very large nun):bers 8¥m division of the domain of computation into rectangular
P y'arg cells, followed by a division of each cell into four triangles, de-

DOFs. The ability of our method to cope with the singularities ited by the cells’ diagonals. It then follows that when the ini-

2{ Eze ff'? it f{qe f}(? ;nnec;? 1of3t?er2|Sgr(1§I)C/t£ zrr)'?:zleerjﬁs(:;zg% | cells are quadrilateral, the representation basis for the edge
by Filg’ 22 n theée plots th’e si’ngulr'c)lr beha)\l/ior of the field r]eapd face expansion functions_ are orthogonal. Copsequently, the
the edéeé of the slot is c’:IearIy visible %ccuracy of the representation of vector quantities by means
' of these basis is comparable with that provided by the back-
ground—Cartesian base. However, when the initial cells are
elongated, the use of edge and face expansion functions suf-
fers from the well-known deterioration of the accuracy of the
A 2-D version of the domain-integrated field relation methodgpresentation of vector quantities in very flat basis, while the
as described in [1] (employing consistently linear edge and fafmgmulation using Cartesian expansion functions is less sensi-
expansion functions), was implemented in a C++ package callg to the aspect ratio of the mesh. This effect will be clearly
domain_integrated. It should be mentioned that the domain_meflected by our computational results.
tegrated package employs the new scaling procedure indicate@he first example concerns the solution of the test-slot
in Section Il. This choice resulted in a noticeable improvemeptoblem, as defined in Section Il. The meshes employed by

IV. COMPARISONWITH THE PREVIOUS VERSION OF THE
METHOD
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Fig. 3. Convergence of the iterative process for the test-slot problem (solvely. 4. Convergence of the iterative process for the flattened test-slot problem
CG with diagonal scaling preconditioner). (solver: CG with diagonal scaling preconditioner).

the domain_integrated and Des_Cartes packages, respectivel

were chosen such that the corresponding numbers of Dd‘ggétive solver's parameters were the same as those employed

were approximately the same. The system of linear equatid; %:hetzstt-sltotlprtobleg. The cond|t|]?r|1|numbers referring to the
was solved using a conjugate gradient method in conjuncti gtene eg 'S_O problem were as Tollows.
with a diagonal scaling preconditioner. The required accuracy 1) domain_integrated package:

of the solution of the system was 19 Denotingx as the a) x(A™v) = 4.97 - 10
condition numberA*®¥ as the system’s matrix before precon- b) x(AP™¢) = 3.49 - 10.
ditioning, and AP as the preconditioned matrix, the basic 2) Des_Cartes package:
computational data referring to this problem were as follows. a) x(A™) = 2.30 - 10'2;
1) domain_integrated package: b) x(APTec) = 7.77 - 106,
a) mesh density: 16 32 quadrilateral cells; Additionally, the convergence of the iterative process in the
b) number of DOFs: 12 480; case of the two packages is depicted in Fig. 4. Apart from con-
C) x(A™V) = 8.40-10'; firming the conclusions drawn for a quadrilateral mesh, these
d) x(APec) = 2.46 - 10°. data indicate that domain_integrated is more sensitive to the as-
2) Des_Cartes package: pect ratio of the mesh, since the total number of iterations in-
a) mesh density: 28 56 quadrilateral cells; creased by a factor o£2.4 with respect to the quadrilateral
b) number of DOFs: 12 876; mesh, while for Des_Cartes, this factor was.9, only.
c) x(A™) = 4.48-10'1;
d) x(AP™¢) = 3.36 - 10°. V. CONCLUSION

Additionally, the convergence of the iterative process in the
case of the two packages is depicted in Fig. 3. Based on th?s
facts, it can be concluded that Des_Cartes provides a cleal

superior performance: for the same mesh density (hence, f 3 ¢ d robust. It model telv the behavi
comparable accuracy of the expansion), it requires significan accurate and robust. 1l models accurately the behavior
Sthe field at interfaces between highly contrasting media

less DOFs, while the iterative process for comparable numb 1 in the vicinity of points wh the field is sinaular. Th
of DOFs is considerably faster. Note that the choice for the dia pd In he vicinity of points where he Tield IS singuiar. ihe
onal scaling preconditioner is dictated by the memory requir onditioning of the system of linear algebraic equations that

ments that, for large-scale problems, become of paramount i llows from _|ts application IS very good. The gomputaﬂonal
portance. model lends itself to the solution of large-scale field problems.

Second, for analyzing the effect of the deterioration of the as-
pect ratio of the mesh on the effectiveness of the method, the REFERENCES
solution of a variant of the test-slot problem (hereafter referred[1] A. T. de Hoop and I. E. Lager, “Domain-integrated field equations ap-
to as the flattened test-slot problem) is presented. In this case, Proach to static magnetic field computation—Application to some two-
. . dimensional configurationsJEEE Trans. Magn.vol. 36, pp. 654-658,
the width of the slot (see Fig. 1) was reduced by a factor of  ;,,">000.
five, while the vertical dimensions were kept the same. The em-[2] G. Mur and A. T. de Hoop, “A finite-element method for computing
ployed meshes were similar to the ones employed in the case three-dimensional electromagnetic fields in inhomogeneous media,”
. . . . IEEE Trans. Magn.vol. MAG-21, pp. 2188-2191, Nov. 1985.
of the test-slot problem, the only difference being that, in this

: ' : ! ] I. E. Lager and G. Mur, “Generalized Cartesian finite elemen&EE
case, the rectangular cells had a height/width ratio of five. The  Trans. Magn.vol. 34, pp. 2220-2227, July 1998.

A new efficient implementation of the domain-integrated
d relations approach to computing static and stationary
gnetic fields was presented. The computational model is
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